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Abstract
Higgs fields on gauge-natural prolongations of principal bundles are
defined by invariant variational problems and related canonical conserva-
tion laws along the kernel of a gauge-natural Jacobi morphism.
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1 Introduction
In 1981 D.J. Eck framed natural and gauge (classical) Lagrangian field theo-
ries within a geometric functorial construction, called a gauge-natural bundle,
whereby physical fields are assumed to be sections of bundles functorially asso-
ciated with gauge-natural prolongations (also called Ehresmann prolongations
[3]) of principal bundles, by means of left actions of Lie groups on manifolds,
usually tensor spaces [2]. In fact, the study of jet prolongations of principal
bundles with structure group a Lie group G has revealed of fundamental im-
portance in Physics. Such a prolongation however, as well known, is not a
principal bundle, while the structure of a principal bundle is given to the so-
called gauge-natural prolongation of a principal bundle [3, 8]. More precisely,
we consider Lagrangian field theories which are assumed to be invariant with
respect to the action of a gauge-natural group W
(r,k)
n G defined as the semidi-
rect product of a k-th order differential group of the base manifold with the
group of r-th order n-th velocities in G, with n = dimX is the dimension of
the basis manifold. Since the group Diff(X) is not canonically embedded into
the group Aut(P) of all automorphisms of the underling principal bundle P,
there is a priori no natural way of relating infinitesimal gauge transfomations
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with infinitesimal base transformations, so that Lie derivatives of a gauge field
with respect to infinitesimal base transformations could be defined neither in a
natural nor, at least a priori, in a canonical way.
The question of the existence of covariant canonically defined conserved cur-
rents is involved with such features of the Lie derivative [12]. It is a well known
fact that the covariance of the Lagrangian and thus of the Euler-Lagrange equa-
tions does not guarantee the corresponding covariance of Noether conserved
quantities. Generally speaking, the fixing of a linear connection on the base
manifold and of a principal connection on the principal bundle is needed in or-
der to get covariant conserved quantities in gauge-natural field theories (a global
Poincare´–Cartan form can be defined only by fixing such a couple of connec-
tions; see e.g. [6]). However, we found that a canonical determination of Noether
conserved quantities, without fixing any connection a priori, is always possible
on a reduced bundle of W (r,k)P determined by the original W
(r,k)
n G-invariant
variational problem. Connections can be characterized by means of such canon-
ical reduction [4, 5, 26]. This is due to the fact that bundles of fields associated
with the class of principal bundles obtained as gauge-natural prolongations of
principal bundles have a richer structure than the ones associated with principal
bundles tout court.
A variational problem on jets of fibered manifolds is invariant with respect to
the finite order contact structure induced by jets: we shall consider finite order
Lagrangian variational problems in terms of exterior differentials of forms mod-
ulo contact forms as framed in the context of finite order variational sequences
[10]; moreover, in the category of variational sequences on gauge-natural bun-
dles, the Lie derivative of sections of bundles is (up to a sign) the vertical part
w.r.t. the contact structure (not the vertical component w.r.t. the projection
on the basis manifold) of gauge-natural lifts of infinitesimal principal automor-
phisms [13]. In a previous paper [14], we characterized in the framework of
finite order variational sequences the second variation of a gauge-natural invari-
ant Lagrangian of arbitrary order and used this characterization to specialize the
Noether theorems and corresponding conserved currents, as well as generalized
canonically defined Bergmann–Bianchi identities for the existence of superpo-
tentials [1]. We tackled the problem of canonical covariance of conserved quan-
tities by using variational derivatives taken with respect to generalized vector
fields which are chosen to be Lie derivatives of sections of gauge-natural bundles,
taken w.r.t. gauge-natural lifts of infinitesimal principal automorphisms.
The problem of investigating conservation laws associated with a group of
tranformations obtained by substituting the parameters with arbitrary functions
(unendlichen kontinuierlichen Gruppe) was tackled in 1918 by Emmy Noether
[18], who established, in this case, the existence of certain identity relations
between Euler-Lagrange expressions and their derivatives as a consequence of
the invariance of a Lagrangian with respect to such a wider group of trans-
formations (Noether identities). In 1956 Ryoyu Utiyama [23] considered some
systems of fields invariant under a certain group of transformations depending
on n parameters and, postulating the invariance of such systems under the wider
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group obtained substituting the parameters with a set of arbitrary functions,
he introduced a new field with a definite type of interaction with the original
fields defined by a covariant derivative.
In this perspective, we shall consider the class of parametrized contact trans-
formations defined by the gauge-natural functor: resorting to invariance proper-
ties, we define covariant derivatives of fields and new conservation laws, through
the construction of a principal connection, satisfying a certain additional con-
dition. In particular, we characterize canonical covariant Lagrangian conserved
quantities in classical field theory in terms of Higgs fields on such gauge princi-
pal bundles having the richer structure of a gauge-natural prolongation. Under
this perspective, topological conditions for the existence of a Cartan connection
on the principal bundle W (r,k)P turn out to be necessary conditions for the
existence of global solutions of Jacobi equations associated with the existence of
canonically defined global conserved quantities. As an outcome, the Lie deriva-
tive of fields is constrained and it is parametrized by a Higgs field h defined by
the space of Jacobi fields.
2 Jacobi fields generating canonical conserva-
tion laws
We recall some useful concepts of prolongations; for details see e.g. [8, 21].
Let JsY of s–jet prolongations of (local) sections of a fibered manifold π :
Y → X, with dimX = n and dimY = n +m. The natural fiberings πss−1 are
affine fiberings inducing a natural splitting JsY×Js−1YT
∗Js−1Y = JsY×Js−1Y
(T ∗X⊕ V ∗Js−1Y) (see e.g. [10, 24]) which yields rising order decompositions:
given a vector field Ξ : Js+1Y → TJs+1Y, Tπs+1s ◦Ξ = ΞH + ΞV , where
ΞH and ΞV are the horizontal and the vertical part of Ξ, respectively; for the
exterior differential on Y, (πr+1r )
∗ ◦ d = dH + dV , where dH and dV are called
the horizontal and vertical differential, respectively; the sheaf splitting Hp(s+1,s)
=
⊕p
t=0 C
p−t
(s+1,s) ∧H
t
s+1, where the sheaves H
p
(s,q) and H
p
s of horizontal forms
with respect to the projections πsq and π
s
0, respectively, while C
p
(s,q) ⊂ H
p
(s,q) and
Cps ⊂ C
p
(s+1,s) are contact forms, i.e. horizontal forms valued into C
∗
s [Y]. We
put Hp,hs+1
.
= h(Λps) for 0 < p ≤ n, where the projection on the summand of
lesser contact degree h is the horizontalization.
By an buse of notation, denote by d kerh the sheaf generated by the presheaf
d kerh in the standard way. We set Θ∗s
.
= kerh + d kerh. We have the variational
sequence 0 → IRY → V∗s , where V
∗
s = Λ
∗
s/Θ
∗
s, which is an exact resolution of
the constant sheaf IRY [10]. A section Edλ
.
= En(λ) ∈ Vn+1s is the generalized
higher order Euler–Lagrange type morphism associated with λ.
Let P→ X be a principal bundle with structure groupG. For r ≤ k integers
consider the gauge-natural prolongation of P given byW(r,k)P
.
= JrP×XLk(X),
where Lk(X) is the bundle of k–frames in X [2, 8]; W
(r,k)P is a principal bundle
over X with structure group W
(r,k)
n G which is the semidirect product with
respect to the action of GLk(n) on G
r
n given by jet composition and GLk(n)
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is the group of k–frames in IRn. Here we denote by Grn the space of (r, n)-
velocities on G. Let F be a manifold and ζ : W
(r,k)
n G× F→ F be a left action
of W
(r,k)
n G on F. There is a naturally defined right action of W
(r,k)
n G on
W(r,k)P×F so that we have in the standard way the associated gauge-natural
bundle of order (r, k): Yζ
.
= W(r,k)P×ζ F. All our considerations shall refer to
Y as a gauge-natural bundle as just defined.
Denote now by A(r,k) the sheaf of right invariant vector fields on W(r,k)P.
The gauge-natural lift is defined as the functorial map G : Yζ ×X A(r,k) →
TYζ : (y, Ξ¯) 7→ Ξˆ(y), where, for any y ∈ Yζ , one sets: Ξˆ(y) =
d
dt [(Φζ t)(y)]t=0,
and Φζ t denotes the (local) flow corresponding to the gauge-natural lift of Φt.
Such a functor defines a class of parametrized contact transformations. This
mapping fulfils the following properties (see [8]): G is linear over idYζ ; we have
Tπζ◦G = idTX◦π¯(r,k), where π¯(r,k) is the natural projectionYζ×XA(r,k) → TX;
for any pair (Λ¯, Ξ¯) ∈ A(r,k), G is a homomorphism of Lie algebras.
The Lie derivative is a fundamental geometric object providing information
on how solutions of Euler-Lagrange equations behave under the action of in-
finitesimal transformations (automorphisms) of the gauge-natural bundle. Let
γ be a (local) section of Yζ , Ξ¯ ∈ A(r,k) and Ξˆ its gauge-natural lift. Following
[8] we define the generalized Lie derivative of γ along the vector field Ξˆ to be
the (local) section £Ξ¯γ : X → VYζ , given by £Ξ¯γ = Tγ ◦ ξ − Ξˆ ◦ γ. Due to
the functorial nature of Ξˆ, the Lie derivative of sections inherits some useful
linearity properties and, in particular, it is an homomorphism of Lie algebras.
In the view of Noether theorems, the interest of the Lie derivative of sections
is due to the fact that, for any gauge-natural lift, we have ΞˆV = −£Ξ¯. In the
following we shall consider variational sequences on gauge-natural bundle Y.
Let η ∈ C1s ∧ C
1
(s,0) ∧ H
n,h
s+1 and Ξ a vertical vector field; the morphism
EjsΞ⌋η = (π
2s+1
s+1 )
∗jsΞ⌋η + FjsΞ⌋η (with FjsΞ⌋η a local divergence) is a uniquely
defined global section of C1(2s,0) ∧H
n,h
2s+1 (see [24]). Let λ be a Lagrangian, ΞˆV
a generalized variation vector field and η = hdLj2sΞ¯V λ. Let us set χ(λ, ΞˆV )
.
=
EjsΞˆ⌋η. By resorting to functorial linearity properties of Ξˆ we define a linear
morphism, the gauge-natural generalized Jacobi morphism associated with the
Lagrangian λ and the variation vector field ΞˆV , J (λ, ΞˆV )
.
= E·⌋χ(λ,ΞˆV ) [13]. It
turns out that J (λ, ΞˆV ), the second variational derivative LjsΞ¯V LjsΞ¯V λ and the
Hessian morphism H(λ, ΞˆV )
.
= ΞˆV ⌋En(ΞˆV ⌋En(λ)) are all representatives of the
same equivalence class in a suitable variational sequence [14], thus characterizing
J (λ, ΞˆV ) as a symmetric self-adjoint morphism. The relevance of this property
is concerned with important geometric aspects of the space K
.
= kerJ (λ, ΞˆV ).
which defines generalized gauge-natural Jacobi equations, the solutions of which
we call generalized Jacobi vector fields and characterize canonical covariant con-
served quantities [12].
It is well known that the First Noether Theorem can be recasted by resorting
to the variational Lie derivative of classes of forms represented the variational
sequence: LjsΞλ = ϑ(λ,£Ξ¯)+dHǫ(λ,£Ξ¯), where we put ϑ(λ,£Ξ¯)
.
= −£Ξ¯⌋En(λ)
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and ǫ(λ,£Ξ¯) is a Noether current. As usual, λ is defined a gauge-natural invari-
ant Lagrangian if the gauge-natural lift (Ξˆ, ξ) of any vector field Ξ¯ ∈ A(r,k) is a
symmetry for λ, i.e. if LjsΞ¯ λ = 0. It is remarkable that, in general, LjsΞ¯V λ 6=
0.
As already mentioned the existence of a canonical global superpotential for
ǫ(λ,£Ξ¯) relies on covariant Bergmann-Bianchi identities, which can be proved
to exist canonically only along kerJ (λ, ΞˆV ) [13]. Owing to the fact that they
are Noether identities associated with the invariance properties of the Euler–
Lagrange morphism En(ϑ), the kernel K, being the kernel of a Hamiltonian op-
erator, can be characterized as a vector subbundle [14, 15]. It is relevant for the
theory of Lie derivative of gauge-natural fields that the intrinsic indeterminacy
of conserved charges associated with gauge-natural symmetries of Lagrangian
field theories is in this way solved.
3 Higgs fields on gauge-natural bundle
By an abuse of notation, we denote by k the Lie algebra of generalized Jacobi
vector fields. Let h be the Lie algebra of right-invariant vertical vector fields on
W (r+4s,k+4s)P. Now, let us assume that global solutions of generalized gauge-
natural Jacobi equations exist; the Lie algebra k is then characterized as Lie
subalgebra of h; the Jacobi morphism self-adjoint and k is of constant rank;
the split structure h = k ⊕ ImJ is well defined and it is also reductive, being
[k, ImJ ] = ImJ [16]. In particular, for each p ∈ W (r,k)P by denoting W ≡
hp, K ≡ kp and V ≡ ImJp we have the reductive Lie algebra decomposition
W = K⊕V , with [K,V ] = V . Notice that W is the Lie algebra of the Lie group
W
(r,k)
n G.
As a consequence of the fact that K is a reductive Lie algebra of W , there
exists an isomorphism between V ≡ ImJp and TX so that V turns out to be
the image of an horizontal subspace. Thus we caracterize a principal bundle
Q → X, with dimQ = dimW , such that X = Q/K. The principal subbundle
Q ⊂W(r,k)P is such that K = TqQ/K, where K is the (reduced) Lie group of
the Lie algebra K is a reduced principal bundle.
In the following we shall omit the orders of a gauge-natural prolongation to
simplyfy the notation. The Lie group K of the Lie algebra K is in particular a
closed subgroup of WG (k is a vector subbundle). We have the composite fiber
bundle
WP→WP/K→ X ,
where WP→WP/K is a pricipal bundle with structure group K and WP/K
→ X is a fiber bundle associated with WP with typical fiber WG/K, on which
the structure groupWG acts on the left. Thus WP/K = WP×WGWG/K→
X is a gauge-natural bundle functorially associated with WP ×WG/K → X
by the right action of WG. The left action of WG on WG/K is in accordance
with the reductive Lie algebra decomposition W = K ⊕ V , with [K,V ] ⊂ V . In
fact the vector space V = ImJp = W/K carries the left action of W given by
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the adjoint representation (since [K,V ] ⊂ V we have also [W ,V ] = [K⊕V ,V ] =
[K,V ]⊕ [V ,V ] ⊂ V).
We call a global section h : X→WP/K a gauge-natural Higgs field. Notice
that it is a vector field lying in the image of the Jacobi morphism (recall that
W/K = V = ImJp), which in turn is an image of an horizontal subspace TX.
The pull-back bundle Q
.
= WP ×
WP/K
h(X) ⊂ WP/K = WP ×
WP/K
(h(X) ⊂
WP×WG WG/K)→ X is a reduced principal subbundle of P. Notice that a
gauge-natural Higgs field is a global section of Hˆp, with p ∈ Q.
Let ω be a principal connection on W(r,k)P and ω¯ a principal connection
on the principal bundle Q i.e. a K-invariant horizontal distribution defining the
vertical parallelism ω¯ : VQ → K in the usual and standard way. It defines
the splitting TpQ ≃ω¯ K ⊕ Hˆp, p ∈ Q. Since K is a subalgebra of the Lie
algebra W and dimQ = dimW , it is defined a principal Cartan connection of
type W/K, that is a W-valued absolute parallelism ωˆ : TQ → W which is an
homomorphism of Lie algebras, when restricted to K; preserving Lie brackets
if one of the arguments is in K, and such that it is an extension of the natural
vertical parallelism, i.e. ωˆ|V Q = ω¯. In [5] we defined ωˆ as the restriction to
TQ of the natural vertical parallelism defined by a principal connection ω on
W (r,k)P by means of the fundamental vector field mapping ω : VW (r,k)P→W .
It satisfies Hp ∩ TpQ = ∅, with p ∈ Q and it is a connection on W(r,k)P =
Q ×K W
(r,k)
n G → X, thus a Cartan connection on Q → X with values in W .
We notice that it splits into the K-component which is a principal connection
form on the K-manifold Q, and the V-component which is a displacement form.
In fact, being K a reductive Lie subgroup of W
(r,k)
n G the principal Cartan
connection could be seen as a K-structure equipped with a principal connection
form η = prK ◦ ωˆ on Q [17].
A gauge-natural Higgs field, being a global section of Hˆp, with p ∈ Q, is
related with the displacement form defined by the V-component of the Cartan
connection ωˆ above. The principal bundleWP (with Lie algebra of the structure
group W) admits the principal subbundle Q (with Lie algebra of the structure
group K); furthermore, the direct sum W = K ⊕ V is given, where V is a
subspace such that ad(g)(V) ⊂ V , g ∈ K. Then the pull-back by h of the K
valued component of aW valued pricipal connection ω onWP onto the reduced
subbundle Q is the connection form of a principal connection on Q [11].
Given the composite fiber bundle
WP→WP/K→ X ,
we have the exact sequence
0→ VWP/KWP→ VWP→WP×WP/K VWP/K→ 0 ,
where VWP/KWP denote the vertical tangent bundle of WP→WP/K. Every
connection on the latter bundle determines a splitting
VWP = VWP/KWP⊕WP/K ω˜(WP×WP/K VWP/K) .
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by means of which we can define the vertical covariant differential D : J1WP→
T ∗X⊗WPVWP/KWP which is related with the covariant differential on WPh
relative to the pull-back connection h∗(ω˜).
3.1 Higgs fields and the Lie derivative of classical fields
Let us now consider briefly, as a work example, the case of Lie derivative of spinor
fields (this example as been exploited under this new perspective in [26, 15], then
also in [4] concerning canonical connections).
On a 4-dimensional manifold admitting Lorentzian structures (SO(1, 3)e-
reductions)X consider a SPIN(1, 3)e-principal bundle π : Σ→ X and a bundle
map inducing a spin-frame on Σ given by Λ˜ : Σ→ L(X) defining a metric g via
the reduced subbundle SO(X, g) = Λ˜(Σ) of L(X). A left action ρ of the group
W (0,1)SPIN(1, 3)e on the manifold GL(4, IR) is given so that the associated
bundle Σρ
.
= W (0,1)Σ ×ρ GL(4, IR) is is a gauge-natural bundle of order (0, 1),
the bundle of spin-tetrads θ [25]. The induced metric is gµν = θ
a
µθ
b
νηab, where
θaµ are local components of a spin tetrad θ and ηab the Minkowski metric. Let
so(1, 3) ≃ spin(1, 3) be the Lie algebra of SO(1, 3). One can consider the left
action ofW (1,1)SPIN(1, 3)e on the vector space (IR4)∗⊗so(1, 3). The associated
bundle Σl
.
= W (1,1)Σ ×l ((IR4)∗⊗so(1, 3)) is a gauge-natural bundle of order
(1, 1), the bundle of spin-connections ω. If γˆ is the linear representation of
SPIN(1, 3)e on the vector space C4 induced by the choice of matrices γ we get
a (0, 0)-gauge-natural bundle Σγˆ
.
= Σ ×γˆ C4, the bundle of spinors. A spinor
connection ω˜ is defined in a standard way in terms of the spin connection.
In the following the Einstein–Cartan Lagrangian will be the base preserving
morphism λEC : Σρ ×
X
J1Σl → Λ4T ∗X, while the Dirac Lagrangian is the base
preserving morphism λD : Σρ ×
X
Σl ×
X
J1Σγˆ → Λ4T ∗X (local expressions can be
found e.g. in [6]). We assume that the total Lagrangian of a gravitational field
interacting with spinor matter is λ = λEC + λD.
Let now Ξ¯ be a SPIN(1, 3)e-invariant vector field on Σ. The lagrangian λ is
invariant with respect to any lift Ξˆ of Ξ¯ to the total space of the theory. By the
First Noether Theorem a conserved Noether current ǫ(λ, Ξ¯) can be found such
that the corresponding superpotential is ν(λ, Ξ¯)
.
= − 12k Ξ¯
ab
v ǫab, where Ξ¯
a
v b =
Ξ¯ab − ω
a
bµξ
µ is the vertical part of Ξ¯ with respect to the spin-connection ω.
We mentioned that, without the fixing of a connection a priori, the existence
of canonical global conserved quantities in field theory is related with Noether
identities: in [26] we found that this implies Ξ¯abv = −∇˜
[aξb] (the so-called Kos-
mann lift [9]), where ∇˜ is the covariant derivative with respect to the standard
transposed connection on Σρ. The Kosmann lift can be characterized from a
variational point of view: it is the only gauge-natural lift which ensures the nat-
urality condition Ljs+1ΞˆH [Ljs+1ΞˆV λ] ≡ 0 (Noether identities) holds true. Along
such a lift not only the initial Lagrangian λ is by assumption invariant, but also
its first variational derivative ϑ(λ,K) is it. On the other hand, the Lie derivative
of spinor fields can be written in terms of a canonical spinor-connection ω˜ as
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follows:
£Ξ¯ψ = ξ
µ∂µψ +
1
4
Ξˆhabγ
aγbψ −
1
4
∇[aξb]γ
aγbψ ,
where Ξˆh is the horizontal part of Ξˆ with respect to the spinor-connection [4].
It is clear that we are here considering the reduction of the total principal
bundle which is the underlying structure bundle of the theory. Each global
section h of WP/K → X (recall: K comes from gauge-natural Jacobi equa-
tions) enables one to define a vertical covariant differential, which is related
with the vertical differential defined by the principal connection on the total
gauge-natural prolongationWP, thus also with spin and spinor connections in-
duced functorially on the associated bundle, as just shown. We get out as an
outcome that the Lie derivative of fields is constrained and it is parametrized
by a Higgs field h defined by K. In particular, the Kosmann lift to the total
bundle of tetrads and spinors is associated with a variational Higgs field on a
gauge-natural bundle.
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